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ABSTRACT: A liquid droplet placed on a nonuniformly heated solid surface Will [ uuarectonal erme gradont nducea migraton T e 07

migrate from a high-temperature region to a low-temperature region. This study
reports the development of a theoretical model and experimental investigation on the
migration behavior of paraffin oil droplets induced by the unidirectional thermal
gradient. Thin-film lubrication theory is employed to determine the migration velocity
of droplets, and temperature dependence of viscosity is taken into account.
Comparisons between experimental and numerical results are presented. An effective
approach for estimating the thermocapillary migration velocity of droplets on

lubrication is proposed.

1. INTRODUCTION

In tribo-system, a process involving friction is always
accompanied by a dissipation of energy, which generates heat
and forms a thermal gradient on the rubbing surfaces.'
Naturally, the generated thermal gradient yields some
interesting and complex thermodynamic behavior associated
with the migration of the lubricant. A liquid lubricant can be
driven by thermal gradients to flow from a high-temperature
region to a low-temperature region.z_6

Typically, the existence of thermal gradients induces an
interfacial tension gradient at the liquid—gas surface, creating a
tangential stress at that surface. Consequently, convective
currents inevitably arise in the liquid, and the migration
commences shortly thereafter.” ' The study of the migration
of droplets and the investigation of the influence of external
temperature fields is a research area of fundamental importance
in many industrial products such as miniature rolling bearings,
hard disk, microelectronics, and so on.''™'* In the case of
lubricant droplets on stainless steel there is a continual
drainage, and the thermal flow seriously affects the behavior
of the lubrication and causes potential lubrication failure.
Research is thus needed to better understand the nature of
liquid droplet migration.

Over the past decade, abundant experimental and theoretical
investigations have been performed on the thermocapillary
migration.”>™'® Many of the experimentally developed
strategies including the geometrical alnisotropy,lg*21 wettability
gradients,22 low surface energy coating,23 and idiosyncratic
lubricant™ can be put to use to effectively regulate the liquid
migration on a surface. Mechanistically, when placed on a
surface, a liquid droplet either migrates or contracts™ to an
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equilibrium shape in which the capillary and hydrostatic
pressure fields are balanced inside the droplet. Greenspan®
reported the development of a 2D model to describe the
motion of a small viscous droplet wetting a surface. He
incorporated both capillary and viscous forces within the
context of the lubrication theory and applied the dynamic
contact angle to describe the forces acting on the fluid at the
contact line. Making use of this model, Ehrhard and Davis”’
studied the spreading of a viscous liquid droplet on a uniformly
heated or cooled smooth horizontal surface but without a
thermal gradient on that surface. Brochard®® and Brzoska et
al.*” studied the spreading characteristics of several given shape
droplets induced by either chemical or thermal gradients. Using
the thin-film lubrication theory, they reported results for the
spreading velocity via the balance between local viscous force
and energy. Ford et al”® investigated the thermocapillary
migration of droplets having an arbitrary height profile on a
surface imposed with a uniform temperature gradient.
Subramanian et al.”>' further developed a theoretical analysis
that considered the 3D axisymmetric spherical-cap shape of
small droplet migrating on a wettability gradient surface. These
contributions to this field provide valuable insights into the
understanding of this complex phenomenon.

A 2D model is set up to derive the migration velocity of a
liquid droplet on a surface with a unidirectional thermal
gradient. We derive an evolution equation for the interface
viscous force resisting the unbalanced Young force that
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Figure 1. Thermo-capillary migration of paraffin oil droplet on the smooth surface induced by a unidirectional thermal gradient.
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Figure 2. Equilibrium contact angle of paraffin oil at various temperatures.

accounts for the migration and present experimental results
evidence of the validity of the approach.

Proper consideration of the lubricant migration in engineer-
ing applications requires taking the temperature dependence of
lubricant viscosity into account. The previous experimental
result reveals that under a unidirectional thermal gradient the
droplet of paraffin oil tends to migrate from the high-
temperature region to a low-temperature region (ie., from
left to right), and more importantly, accompanied by a diffusion
process, as shown in Figure 1. Because a liquid lubricant
viscosity tends to decrease (or, alternatively, its fluidity tends to
increase) as its temperature increases, the variation in viscosity
induced by temperature should be taken into consideration in
the theoretical analysis.

Hence, we report the results of experimental and theoretical
study of the thermocapillary migration of a liquid droplet on a
metal substrate surface. The temperature dependence of
lubricant viscosity is taken into account. In the analysis, we
predict the migration velocity on the surface with a unidirec-
tional thermal gradient and provide an effective approach for
the valuation of migration velocity.

2. ANALYSIS

The geometric features of the droplet have a significant
influence on the theoretical model. The equilibrium contact
angle of the paraffin oil with a kinematic viscosity of 3.6 mm?/
s was measured at various temperatures to develop a realistic
cross-sectional shape of a droplet. The measurement is based
on the static sessile drop method, and the value is often quite
close to the advancing contact angle. As shown in Figure 2,
increasing the temperature leads to a rapid decrease in contact
angle and the droplet is almost flattened as the temperature is
increased to 140 °C, forming a pancake-shaped configuration.
For the paraffin oil, the contact angle decreases significantly
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with the decreasing viscosity. In fact, at high temperatures
(>100 °C), the contact angles of the paraffin oils with lower
kinematic viscosities become too small to be measured with
precision. Therefore, it is believed that the height of the droplet
is considerably less than its width, and the radius of the droplet

grows beyond the capillary length (Lo = \/y/pg). The droplet

transforms to a pancake-shaped configuration, that is, a thin
film, and it is curved only at the rim. We ignore the variation of
the contact angle induced by the thermal gradient, regarding it
as a small constant value.

The temperature dependence of liquid viscosity describes the
phenomenon that liquid viscosity tends to decrease as its
temperature increases. A well-known exponential model for the
relationship between the temperature and viscosity is employed
to calculate the viscosity®”

u(T) = pye "1 1)
where p is the viscosity, p, is the viscosity at the reference
temperature, T is the temperature and T is the reference
temperature of the liquid, and b represents the viscosity
temperature coefficient.

The thermal gradient is considered as a constant value,

LA const =
ox -

the height dependence of viscosity is ignored, and the
temperature dependence of viscosity in the migration direction
is taken into consideration, as a function of position x of the
droplet

Cr, because the droplet film is extremely thin,

—b[(Ty—Cx) = T)

H(x) = poe )

where Ty is the temperature at the start position, referenced to

the droplet, and it is defined at the trailing edge of the droplet.
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Figure 3. Side view of a droplet film on the ideal surface.

In the following analysis, the thin-film lubrication theory is
employed to predict the migration velocity of the droplet. The
quasisteady condition is assumed based on the work of Pratap
et al,>> who demonstrated that the temperature-induced
motion of a drop on a surface can be reliably modeled as a
quasisteady process. This implies that for the droplet placed at a
given location the time taken for the temperature to stabilize is
shorter than that required for the droplet to move an
appreciable distance from that location. The temperature of
the droplet will be in equilibrium with that of the substrate
surface. The motion of the droplet under a thermal gradient is
governed by the balance of two forces acting on the droplet
ridge: The viscous resistance force (F,) and the driving force
(F4), which is directly related to the gradients of the liquid—gas
interfacial tension.”*’> We now proceed to derive the
governing equations of the forces under a unidirectional
thermal gradient.

We consider the case of a 2D droplet of oil placed on a
horizontal and impermeable surface with a constant thermal
gradient. Having specified the positions of the droplet at points
A and B, a Cartesian coordinate system is set up to determine
the positions of the droplet as the migration progresses. This
information is needed to calculate the local temperature and
viscosity. The side view of the section is shown in Figure 3, the
height of the droplet is ki, and the width is L. The velocity in the
droplet is governed by the Navier—Stokes and the continuity
equations

DV _p_lypityy
Dt p p (3)
VV =0 4)

where V is the flow velocity, F is the inertial force, P is the
pressure field, p is the density of the liquid, and u is the
dynamic viscosity.

For the thermocapillary migration, the velocity is very slow
(creeping motion), the viscous force dominates the inertial
forces, and the thin-film lubrication approximation applies.
Assuming p# = pi(x), eq 3 reduces to

oV,
Ox 0z ()

We select a reference frame traveling with the droplet so that
the droplet can be regarded as stationary and the substrate
moves in the negative x direction with a constant speed U. The
boundary conditions at z = h(x) and z = 0 are

oP

p(x)

%

CAS ﬂ, z = h(x)

oz  u(x) ox

V.=-U,z=0 (6)

where y is the surface tension of the liquid.
Integrating eq S5, applying the boundary conditions, and
solving for the velocity field, we have

7487

1 opP
V@) =~ G+ 350 - 2| - U

L
p(x)

where yy represents the surface tension coefficient, y, =

™)
9
67’1_‘.

In the frame of moving reference, the droplet travel distance
is assumed to be small. There is no volumetric flux passing
through the vertical cross-section of the droplet. Therefore

‘/Oh V(x,9,z)dz=0 )
The pressure gradient satisfying this constraint is given by
oP 3u(x)
n R (©)
Combining eqs 7 and 9, the viscous stress o, at the solid—
liquid interface can be written as

0Vx| )_ 3u(x) 1
z=0) — (10)

U-
0z h
Ignoring the change in the thickness at the rim of the thin
film, that is, h is constant between positions A and B (see
Figure 3), the viscous resistance force F, can be finally obtained
as

3
U+ —C
T

2 T}’T

Oy(z=0) = /’t(x)(

xp 3u 1
F=/a_dx=xx—0U——CL
v “ xz(z=0) g( A B) h 27/'1" T (11)
where
1 p(Cpp—T+Ty) b(Cpoey—Tu+ Ty)
(x , X ) — (e ™3~ IsTho) _ JPETAT T
%% = e (12)

Next, we estimate the driving force exerted on the droplet.
For a sessile droplet placed on a surface, the Young’s equation
defines the interfacial tension force balance and contact angle in
the vicinity of three-phase contact line*®

Yeg = Vg + ¥ cos (13)

where y5g and yg; are the solid—gas and solid—liquid interfacial
tensions, respectively.

The unbalanced Young force, generating the driving force
(Fy) on the droplet, can be written as

Fy=(rge = %ou)s — (o — Yo (14)

The surface tension relationship between positions A and B
(see Figure 3) along the footprint of the droplet can be
described as

dy
=p+_—x=y+C

4 y() axx }/0 TJ/T’,c (1 5)
where y; is the reference surface tension of the liquid.

Combining eqs 13—15, we arrive at the following equation
for the driving force Fy
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Ey = y7,CrL cos 0 (16)

The force acting on the droplet under the unidirectional
thermal gradient is deduced from a balance between the driving
force and the viscous force that resists it (Fy = F,)

0 - 31, 1
1:CrL cos 0 = g(x,, xB)TU - EYTCTL (17)

Therefore, the migration velocity can be described by the
following relationship

1 (2 cos 0 + l)yTCTL Q
64, S

U=
g(‘xA’ xB)

(18)

where Q is the volume of the droplet film and S is the area of
the liquid. Both of them can be measured during a test.

The migration velocity (U) is calculated and compared with
the experimental results in the following sections. The area (S)
is varying due to diffusion and viscous effects as the droplet
migrates along the surface. We measured the area of the liquid
during the migration process in each frame and utilized the
calculated value of h in the analysis. This procedure for
predicting the migration velocity significantly improves the
results and makes the prediction more reasonable than
assuming a constant 4 throughout. Because the contact angle
of the paraffin oils employed for the migration test is small and
difficult to measure, during the theoretical calculation, the value
of cos @ is assumed to be 1.

3. EXPERIMENTAL SECTION

Figure 4 shows the schematic diagram of the experimental apparatus
used in this study. Migration was performed on the rectangular
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¥
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Figure 4. Schematic diagram of the experimental apparatus.

substrate surface with dimensions of 76 mm X 30 mm X 3 mm. All
substrates were made of SUS 316 stainless steel with an average
surface roughness R, of 0.02 ym. Heating and cooling elements were
designed to generate a unidirectional thermal gradient on the substrate
surface. The cooling element was maintained at a constant
temperature of 0 °C. By setting the temperature of the heating one
to 120 and 138 °C, thermal gradients of 2.6 and 3.0 °C/mm were
generated along the length of the surface, respectively. A thermal
imaging acquisition device was employed to obtain the temperature
gradient map on the surface. The more detailed description of the
apparatus was given in our previous paper; see ref 21.

A digital video camera was used to monitor the dynamic migration
process to obtain quantitative experimental results. Via extracting the
frames during the migration process, the area (S) of the film and the
migration distance (measured at the front edge of the droplet) were
obtained. Then, the mean migration velocity and droplet height were
calculated.

Paraffin oil is a mixture of liquid hydrocarbons obtained from
fractionation of the atmospheric distillation of petroleum. It is a
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common base oil for lubricant, and, most importantly, there are fewer
additives in this oil and thus their influence on the migration behavior
can be ruled out. Therefore, paraffin oils with different kinematic
viscosities were chosen for the experiments in this study. The
viscosities were measured with an Ubbelohde viscometer, a capillary-
based viscosity measurement device. The surface tension of the
lubricants was measured using the Wilhelmy plate method. By
measuring the surface tensions of the lubricants at various temper-
atures, the mean surface tension coefficient was obtained and used in
the numerical calculations.

Prior to each test, the substrates were ultrasonically cleaned with
acetone and ethanol and blow-dried with nitrogen. Paraffin oils with
various kinematic viscosities were used in the migration experiments,
and the initial temperature of all tested paraffin oils was room
temperature (~25 °C). The dosage of the droplet was kept as a
constant value of 5 pL via a microliter syringe. The main physical
parameters of paraffin oils are listed in Table 1.

Table 1. Physical Parameters of Paraffin Oil at 40 °C

parameter paraffin oil-1  paraffin oil-2
kinematic viscosity (mm?/s) 13.4 269
density (g/cm?) 0.82904 0.8322
surface tension coefficient (mN/(m °C)) 0.082 0.081
specific heat capacity (J/(kg °C) 2650 2700
thermal conductivity W/(m °C) 0.337 0.341
viscosity temperature coefficient 0.02414 0.02984

4. RESULTS AND DISCUSSION

Figure 5 shows the viscosity—temperature correlation of the
paraffin oils. The kinematic viscosities were measured at eight
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Figure S. Viscosity—temperature correlation of these paraffin oils.

different temperatures. It can be seen that the kinematic
viscosity of paraffin oil decreases with increasing temperature. It
is known that the liquid density changes with temperature and
pressure. In general, the density decreases slightly with
increasing temperature under the atmospheric pressure.37
While in the temperature range varying from 30 to 140 °C
the viscosity drops dramatically, the density change is very small
and can be neglected. Experimental data for two paraffin oils
were fitted to eq 1 and utilized in the theoretical analysis to
account for the variation of viscosity as a function of
temperature.

In the following section, experiments on the migration of
droplets under unidirectional thermal gradients and the
comparison with numerical results are conducted. Figure 6

DOI: 10.1021/acs.langmuir.6b01614
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Figure 6. Migration distance and velocity of a paraffin oil with a
kinematic viscosity of 13.4 mm?/s versus elapsed time under a thermal
gradient of 3.0 °C/mm and the detailed dynamic migration process.

shows the migration distance and velocity of a paraffin oil
droplet with an initial kinematic viscosity of 13.4 mm?/s under
a thermal gradient of 3.0 °C/mm, plotted as a function of time.
Initially, the migration distance increases very quickly, and the
migration velocity is fast. With time elapsing, the increment of
migration distance becomes inconspicuous, while the migration
velocity begins to decrease and finally diminishes close to zero.

The inset image in Figure 6 exhibits the detailed dynamic
migration process of the droplet; it is a superimposed image
composed of key video frames. The migration progresses from
the warm region to the cold region. An interesting
phenomenon occurring with the migration process is that the
droplet spreads in the width direction of the substrate and then
contracts back to the droplet shape. This trend can be explained
as follows. It is known that an oil droplet is more prone to
spread on a heated surface. Initially, because the temperature of
the starting position is quite high, the migration occurs by
spreading in the width direction; however, as the temperature
of the droplet decreases during the migration process, the
viscosity and liquid—gas interfacial tension of the droplet
increase. Consequently, the diffusion process in width direction
is obstructed, and the liquid tends to contract as it approaches
the cold region.

Figure 7 presents the comparison between the experimental
and numerical results of migration velocity. Paraffin oil with a
kinematic viscosity of 13.4 mm?”/s was tested under the thermal
gradients of 2.6 and 3.0 °C/mm. Migration velocity is plotted
as a function of position «, that is, the location of the front edge
of the droplet. Referring to Figure 7a, the beginning migration
velocity is ~6.6 mm/s, and it decreases rapidly as the migration
continues. The line graph shows the numerical result of the
migration velocity. Note that the predicted velocity results are
in accordance with the experimental data both in trend and in
magnitude: It first rapidly decreases from a high value to a low
value and then decreases to zero gradually. The numerical data
agree quite well with the experimental result at the beginning,
and a slight difference exists with increasing migration distance.
Figure 7b presents the comparison between the experimental
and numerical results under a thermal gradient of 3.0 °C/mm.
It can be observed that at the beginning, the migration velocity
increases to 7.5 mm/s; compared with Figure 7a, an increasing
thermal gradient clearly increases the migration velocity. The
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Figure 7. Comparison between the experimental and numerical results
of migration velocity U, with a paraffin oil of a kinematic viscosity of
13.4 mm?*/s under a thermal gradient of (a) 2.6 and (b) 3.0 °C/mm.

trends of numerical results under these two thermal gradients
are consistent with the experimental data.

Figure 8 presents the comparison between the experimental
and numerical results with another kind of paraffin oil, with a
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Figure 8. Comparison between the experimental and numerical results
of migration velocity U with a paraffin oil of a kinematic viscosity of
26.9 mm?*/s under a thermal gradient of (a) 2.6 and (b) 3.0 °C/mm.

higher initial kinematic viscosity of 26.9 mm?”/s, under thermal
gradients of 2.6 to 3.0 °C/mm. Compared with Figure 7, it can
be noted that under the same thermal gradient the migration
velocity decreases with increasing initial viscosity. The
migration velocities of experimental and numerical results
show a very similar trend: They both decrease quickly at first
and then gradually approach zero. More importantly, the
numerical results are in good agreement with the experimental
data.

As noted by Brochard,”® a variety of models have been
proposed to derive the profile of the moving droplets. The
equilibrium shape of a liquid droplet placed on a horizontal
solid surface is controlled by the spreading coefficient, and
under certain conditions, the simplification of the droplet as a
thin pancake is reasonable. When the liquid spreads to form a
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thin pancake, the deformation of the droplet shape during the
migration can be neglected, and one can assume a quasisteady
equilibrium and the predicted velocity turns out to be
proportional to the thickness. This relationship is consistent
with our theoretical derivations.

In this study, the initial temperature of all of the tested
droplets is room temperature (~25 °C), and to simplify the
analysis we have assumed that the droplet reaches the surface
temperature as soon as it hits the surface; however, this initial
temperature can potentially play an important role in the initial
acceleration phase, affecting the migration velocity.

Wasan et al.”® pointed out that the thermal gradient yielded
migration velocity can be treated as a constant value, with
regarding the viscosity of droplet as an invariant parameter;
however, our experimental results show a decreasing trend of
migration velocity during the migration process. When taking
the viscous dissipation into consideration, it is of importance to
take the temperature dependence of viscosity into account if
the viscosity changes rapidly with the temperature. Referring to
eq 18, the viscosity is not constant, and its variation significantly
influences the migration velocity. Because the local temperature
of the droplet decreases with the migration process, the
viscosity of the droplet increases and the migration velocity
keeps decreasing in the x direction gradually. This is the reason
that the migration velocity decreases rapidly in the beginning
and then slows down to zero. Moreover, eq 18 indicates that
the migration velocity is inversely proportional to the initial
viscosity. Therefore, as shown in Figures 7 and 8, increasing the
initial viscosity from 13.4 to 26.9 mm?/s yields a reduction in
the migration velocity (under a thermal gradient of 3.0 °C/mm,
the initial value decreases from 7.5 to 6.0 mm/s). Meanwhile,
according to eq 18, the thermal gradient is also an influential
parameter in predicting the velocity, and the numerical value is
proportional to the thermal gradient. The results shown in
Figures 7 and 8 verify the fact that migration velocity increases
with increasing the thermal gradient.

In the analytical model, the migration surface is assumed to
be completely smooth. Our previous research® revealed that
the migration velocity decreases with decreasing surface
roughness under certain conditions and the differences tend
to disappear with the further decreasing of surface roughness.
In this study, the thickness of the droplet film is ~100 pm,
while the testing surface, with an average surface roughness R,
of 0.02 pm, is smooth enough when compared with the film
thickness. Therefore, in this study the effect of surface
roughness was not considered; however, if the lubricant film
thickness is as small as the magnitude of the surface roughness,
the surface roughness effect would be a significant influence
factor.

The predicted migration velocities in Figures 7 and 8 agree
well with the experimental data both in trend and in magnitude;
however, slight differences exist that can be explained as
follows. First, the current model ignores the rim of the droplet
film, and the contact angle is considered to be nil in the
calculation. Moreover, the relationship in eq S assumes that
viscosity is constant in thickness direction, that is, u # u(z).
These assumptions may, in part, be responsible for differences
between the prediction and the experimental results. Second,
the migration velocity is also inversely proportional to the area
of the droplet (S). Referring to Figure 6, as the trajectory of a
droplet on the surface with the unidirectional thermal gradient
shows, the migration occurs with a diffusion-and-constriction
process, leaving minute residual oil on its trajectory. Therefore,

7490

the variation of droplet area and volume can have a major
influence on the migration velocity.

Additionally, we consider the effect of surface tension at the
leading and trailing edges of the liquid droplet by developing a
2D model. The 2D assumption makes the prediction relatively
easy to realize. Clearly, the surface tension force and viscous
resistance force are the dominant forces acting on the droplet.
In a 3D world, not only does the surface tension translate to a
circle, that is, the circumference of the droplet, but also the
viscosity force is translated. These would partially offset the
error induced by the simplification of the 2D model. We thus
believe that the results of the simplified 2D model are
reasonable. Nevertheless, more accurate results are expected
with a 3D model.

In all experiments, the migration occurs from warm to cold
regions. The thermal gradient on the liquid film will change the
surface tension of the fluid, creating imbalance in equilibrium.
The induced thermo-capillary forces will pull the liquid from
warmer to cooler regions until equilibrium is established. The
Marangoni number (Ma) is a dimensionless number propor-
tional to surface tension forces (thermal gradient induced)
divided by viscous forces.””*" It can be used to characterize the
relative effects of surface tension and viscous forces. It is

defined as

_ yTTAh
pK (19)

where k is the thermal diffusivity, which is the thermal
conductivity divided by density and specific heat capacity at
constant pressure, and T, is a characteristic temperature
difference across the droplet layer. Because we assume that the
droplet reaches the surface temperature as soon as it hits the
surface, we define the T, as the temperature difference between
lowest and highest layer of the droplet, that is, the temperature
on substrate surface where the droplet located and the room
temperature.

Combining eqs 18 and 19, we can finally arrive at the
following relationship between the migration velocity (U) and
the Marangoni number (Ma)

2 6+ 1)LC
U=( cos ) ™

6T, (20)

Using this equation, we plot all experimental and numerical
migration velocities as a function of the Marangoni number, as
shown in Figure 9. It can be seen that the migration velocity
increases with the increasing Marangoni number. When the
Marangoni number is small, some differences exist between the
experimental and numerical results. With the increasing
Marangoni number, almost all data of different experimental
conditions are consistent with each other and fit the numerical
results well, and even if the experimental conditions are
different, the same migration velocities are achieved under the
same value of Marangoni number. Referring to the definition of
Marangoni number (surface tension forces divided by viscous
forces), a higher value of Marangoni number means that the
surface tension forces play a dominate role, and the driving
force is remarkably larger than the viscous resistance force,
which makes the above-mentioned influence factors far less
important. Therefore, the migration velocity trends reach
unanimity. This agreement further establishes the validity of the
theoretical analysis.
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Figure 9. Experimental and numerical migration velocities versus the
Marangoni number on the smooth surface with different viscosities
and thermal gradients.

5. CONCLUSIONS

Experimental and theoretical studies are carried out to
investigate the migration behavior of lubricant droplet induced
by the unidirectional thermal gradient. An analytical model is
developed, and its prediction is compared with experimental
results. The conclusions drawn from this study are as follows:

1. An analytical approach using the thin-film lubrication
equation with a temperature-dependent viscosity is
proposed for the prediction of migration velocity of
droplets.

2. The numerical results show good agreements with the
trends of experimental data: The migration velocity
decreases quickly at first and then approaches to zero
gradually, and its magnitude increases with increasing
thermal gradient or decreasing initial viscosity.

3. For industrial applications, the thermal-gradient-induced
migration velocity of thin-film lubricant can be readily
predicted using the expressions derived in this paper.
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